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Introduction

This paper forms a continuation of [9].
“et 7 be a group and let M be a right Zn module. A space of type (M, 2; n) is
~oological space X that satisfies the following conditions:

™

(3 n(X)=mn,

(2) Hy(X; Zm) =1,

3) H(X; Zn)=0, i#2,
4) H,(X; Zn)=M.

This paper considers the question of when such spaces exist, given 7 and M. This
is a special case of the Steenrod problem that was dealt with in [9], which developed
an obstruction theory for the existence of such spaces. In the special case studied
hore it turns out that additional obstructions exist to the formation of equivariant
M _ore spaces that are derived essentially from that fact that a topological space is
a iimit of multiplicative constructions (stages of a Postnikov tower). This additional
obstruction is called the multiplicative component of the obstruction to the existence
of equivariant Moore spaces. Multiplicative components exist in the general case too
but only in the higher-order obstructions — they only enter into the first obstruction
in the two dimensional case.

The multiplicative component of the obstruction is shown to be non-zero in its
own right, and in the two-dimensional case it is shown that this obstruction can be
cancelled by the introduction of a suitable first k-invariant in the topological spaces,
in certain cases. As in the general case, the non-realizability results in the present
~:oer can be phrased in terms of spaces that are not equivariant Moore spaces. A
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fairly typical result (whose statement doesn’t require the use of any of the technica}
terms defined in Section 1) is the following:

Proposition. Let X be a topological space with the following properties:

(1) n,(X)=mn, a group with the property that H 3(r,Z)+0 and has no 2-torsion
elements,

(2) Hy(X; Zm)=2,

) H,(X; Zn) =2,

(4) Hy(X; Zn)=H,(X; Zn)=0.
Then the first k-invariant of X (an element of H*(n,Z)) must be zero. [

Remarks. (1) This is 1.12 in the present paper.

(2) In this case the corresponding equivariant Moore space of type (Z; 2; =) also
fits the conditions. The obstruction in [9] vanishes in this case — the significant
obstruction is the multiplicative one.

(3) The proposition above can be rephrased as:

Proposition. Let m be a group such that H 3m; Z)#0 and has no 2-torsion
elements. Let Cy be a projective Zn-chain complex with the following properties;
(1) Hy(Cy) =12,
(2) Hi(C¥) =0,
(3) Hy(CH) =1,
CY) H3(C*) =H4(C*) =0,
(5) the first homological k-invariant of C, is non-zero.
Then Cy is not chain-homotopy equivalent to the chain-complex of any topological
space. [

Section 1 of the present paper proves these results (and others whose statements
are more technical) and develops the theory of the multiplicative component of the
obstruction to realizing an equivariant Moore space.

Section 2 proves a technical result that may be of some independent interest. It
constructs an equivariant left-inverse to the map constructed from their bar con-
struction to their W-construction, and shows that the reverse composite of the two
maps is equivariantly homotopic to the identity so the bar and W-constructions are
equivariantly homotopy equivalent. This implies the corresponding statement about
the Eilenberg-MacLane model for Eilenberg-MacLane spaces and the model due to
Milgram.

1. The multiplicative obstruction

Definition 1.1. Let M be a Zn-module ‘an let K(M,2) be the Eilenberg-MacLane
space on M equipped with the appropriate n-action. Then %, € Ext%,,(M, I'(M)) is
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defined to be the first homological k-invariant of the chain-complex K (M, 2)xRZx,
where Z is a projective resolution of Z over Zn. [

Remarks. (1) Something related to the class %, was defined by K. Igusa in [6] in
the case where M was Z-torsion free and 7 was the general linear group over Z of
a suitable degree. He showed that in the case where M =73 and 7 is GL,(Z) acting
in _he usual way, that %,,+0.

tgusa calls his construction the Grassman invariant of M and this term will be
used throughout the present paper for 4,,.

(2) An algorithm is given for computing the Grassman invariant of M in the case
where M is Z-torsion free and an explicit formula is given in the case where M =73,
The invariant is computed in the case where M=273, = =7R7ZPZ/27Z with
generators acting via right multiplication by the respective matrices

01 1 -1 0 0
1 0 -1/, -1 0 -1
6 0 -1 I -1 0

The Grassman invariant of M is nonzero — in fact its image in Ext3(M, M/2M)
under the change of coefficients homomorphism induced by the canonical map
I'(M)y—M/2M is also nonzero.

(3) The work of Peter Kahn implies that %,,=0 whenever the underlying abelian
group of Mis Z®Z.

Recall that I'(M) can be regarded as the free abelian group generated by symbols
{y(m),me M} subject to the quadratic identity:

P(my + my+ ms) — p(my + my) — y(my + ms) — p(m, + ms)
+p(my) + y(my) + y(ms) =0

for all my,my,mye M. Let Ly, : MM —TI'(M) be the map that sends m, X m, to
¥(ri- +m,)— y(m,) —y(m,) — this map can be shown to be bilinear.

Let M be a Zr-module and let P, be a projective resolution of M. If Z, is a pro-
jective resolution of Z over Zz the Kiinneth theorem implies that Z,® P, is also a
projective resolution of M so that there exists a unique chain-homotopy class of
chain maps 4 : P« — Z,® Py inducing the identity map of M. Let ¢: P, — M be the
augmentation.

Definition 1.2. Under the hypothgses above, let xe H'(n, M) be a cohomology
class with i > 1. Define s, (x) = Ext}, (M, I'(M)) to be the class defined by Lyjo(x®
e~k O

Remarks. (1) This is something like an ‘external cup product’ with the identity map
of M.
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(2) In [3] the following sequence is shown to be exact
0> AM)-MRIM,, —I'(M)—>M/2M —0;

where A(M) is the submodule generated by elements {m, Q@my—my,@m,,
m,meM}.

Definition 1.3. Let M be a Zn-module and let x € H>(n, M) be a cohomology class,
represented by a cocycle ¥:Z;—M, where Z, is a projective Zn-resolution of 7,
Define A(x) to be the desuspension of the algebraic mapping cone of the chain map

Z—23P,

that extends %, where p. is a projective resolution of M. [

Remarks. (1) It is not hard to see that the chain-homotopy type of A(x) doesn’t
depend upon any of the choices that have been made.
(2) It is also clear that the homology of 4(x) is as follows:

Hyd@) =2, Hy(AW)=M, Hidx)=0, i#0,2,

and that the first homological k-invariant is precisely x.

The theory of homological k-invariants in [5] implies that if C is a chain-complex
with H,(Cx)=0, and isomorphisms a: H(Cs)—Z, f : Hy(C+)— M, then there exists
a chain map & : C«— 4(x) inducing o and fin the appropriate dimensions if and only
if the first homological k-invariant of Cxe Ext%,,(Ho(C*), H,(Cy)) is precisely
(@*)~x(B*). If this map A exists it is unique up to a chain-homotopy.

(3) If H;(C«) =0, 2<i<n, then the second non-trivial homological k-invariant of
Cy lies in H" "} (A4(x); H,(C4)) and is the pullback of the class 1: H,(Cy)— H,(Cs)
in H"tY(«(h); H,(Cy)) =Homy,(H,(Cx), H,(Cs)) over the standard inclusion
i: A(x)—/(h). Here «/(h) is the algebraic mapping cone of 4:Cy—A4(x) and the
statement about H”*!(«(h); H,(C4)) follows from the fact that H («(h))=0,
i<n+1, If Cy is the chain complex of a K(M,2)-fibration over a K(rn,1) with
characteristic class x, then n=4 and the second homological k-invariant lies in
H3(A(x); I'(M)) (where I'(M)=H,K(M,2)) — see [3]). This homological k-in-
variant was shown in [9] to be precisely the obstruction to killing H,(Cx) by taking
a fibration over its space or the first obstruction to forming an equivariant Moore
space of type (M, 2; 7).

Definition 1.4. Let C;, i=1,2 be chain complexes. A contraction of C, onto C, is
a triple (p, q, =) where p:C;—C, and g: C,—C, are chain-maps such that p-g=
1:C,—C, and £ is a chain-homotopy from the identity map of C, to g- p. These
maps are required to satisfy the additional condition that £cg=0, poZ£=0 and
E2=0. O



Egquivariant Moore spaces I 191

Remark. The condition that £2=0 didn’t appear in the original definition of
Eilenberg and MacLane in [2] but is necessary for the applications in the present

paper.

Lemma 1.5 (Perturbation Lemma). Let (f, g @):(C,,d;)—(C,,d,) be a contrac-
tion of chain complexes and let d{ be a second differential on C, with t=d| - d,.
Si:poose there exists a fibration on C, bounded from below and such that

. t lowers fibration degree;

o @ and d, preserve it.
Ther: there exists a second differential d; on C, and a contraction

(f,8,9"):(C,,d))~(C,, d3)
where

1)) T.=1+ i (Dty,

) f'=fo(l+toT, o),
ek g'=T,°g,

- di=dy+fotoT,og,
G) &=T 00 [

Remarks. (1) Note that, on account of the filtration on C;, all of the ‘infinite
series’ above reduce to a finite number of terms when evaluated on any element
of C;.

(2) This lemma first appeared in [4] though it was used implicitly in [8].

We will recall the concept of an F-extension of a map from [9]:

Definition 1.6. Let M and N be Zn-modules, let F be a free Zn-module with pre-
fe -=d basis {y,} and let f: M—N be a homomorphism of abelian groups that
doesn’t necessarily preserve the action of #. Then the F-extension of f, denoted
feeM Xz F> Nz F (equipped with the diagonal z-action) is defined by

Jem@ (y;-v))=fm-v™1) - v (y;- v)

for all meM and ven. [

Remarks. (1) It is clearly possible to extend f to all of M®F, Z-linearly. The
resulting map is a Znz-module homomorphisms.

{2} The F-extension of f defined above clearly depends upon the basis for F used.
If 7 is already a module homomorphism, then fr=f®]1.

3) The above definition clearly extends to chain-complexes. In this case bases for
the chain modules of F must be defined in each dimension. If f is initially a chain-
map its F-extension will also be a chain-map if the differential on F is 0.
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Let £ € H*(n, M) be a cohomology class, where M is a Zn-module and let X be
the total space of the fibration with base a K(z, 1), fiber a K(M, 2) and with char.
acteristic class £. As a semi-simplicial complex this is just a twisted cartesian product
K(m, 1) X¢ K(M,2) where £ is the composite of the map of spaces K(z, 1)~ K(M, 3)
induced by & (this can be explicitly constructed semi-simplically) and the canonica|
annihilating twisting-function K(M, 3)—K(M,2) — see [1, exposés 12 and 18].

The results of [4] imply that the chain complex of X is chain-homotopy equivalent
to a suitable twisted tensor product K(n, 1)&®; K(M, 2), where £ agrees with ¢ in
dimension 3. We will now carry out a procedure similar to that used in the proofs
of 2.5 and 2.6 in [9].

At this point we will make the simplifying assumption that the module M is Z-
torsion free.

Definition 1.7. If M is a Zn-module U(M) is a DGA-algebra concentrated in even
degrees and generated by symbols y;(x), in dimension 2/ where / is an integer =0
and xe M. These symbols are subject to the relations:

) Yo(x)=1 for all xeM,

) yi(kx)=k'y;(x), keZ for all i and xe M,

(3) pix+y)=Y y;(y;_;j(») for all x,ye M and all i,
j=0

C)) Pix)y;(x)= <l-:1 > yisj() foralljjand allseM. O

Remarks. (1) This definition first appeared in [3] except that U(M) was denoted
I'(M). Our terminology follows that of Cartan in [1].

(2) It is not difficult to see that U(M),, generated by symbols y,(x), x€ M, may
be identified with M itself and U(M), can be identified with the Whitehead functor
I'(M). 1t is also not difficult to see that the n-action on M extends in a natural way
to U(M).

(3) Note that the product of two elements x,yeM, as defined in U(M) is
¥,(x 4 ) = 7,() — 72(»), due to relation (3) in the definition.

(4) Due to our assumption that M is Z-torsion free the DGA-algebra U(M) is
precisely the homology algebra of K(M,2) — see Section 21 of [3].

In fact there exists a contraction

(p.q¥P): AWM, 2)~UM).

This is a composite of several contractions:
(1) The contraction in the Direct Product Theorem in Section 6 of [3] (here we
regard M as a direct sum of copies of Z).
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(2) A tensor product of contractions from A(Z, 1) to A(x) defined in Section 14
of [3], after the bar construction has been taken.

Note that since the decomposition of M into a direct sum of copies of Z depends
upon a choice of basis, it isn’t clear that the maps in (p, g, ¥) are module homomor-
phisms; and in most cases they aren’t.

The maps p and q are, respectively, the maps a and b in [9]. In that paper the maps
were explicitely computed in low dimensions.

"2 will perform a procedure similar to that used to prove 2.6 in [9] to compute
the second homological k-invariant of K(n, 1) ®z K(M,2) — see Remark (2) follow-
ing 1.3.

Let Zx denote the bar resolution of Z over Zr. Since M is Z-free it follows that
M® Z«, equipped with the diagonal m-action is a free Zn-resolution of M. In the
definition of 4(£) assume the free resolution Py of M used is M® Z, (see 1.3).

Our main result is:

Theorem 1.8. Under the hypotheses above the second homological k-invariant of
K(n,)®¢ K(M,2) (and, here, that of the space X) is an element xe H*(A¢);
(%1)) represented as follows:

X|M® Zy= Gy +up(8) : M Z3~ I(M);
(2) X|Zs=pzo(;,®1)0&0 (g, 1) Gy
+p7°{(1®dz)° P} o ([,® 1) onso (g, ®1)° G,

I®e
:ZS—)K4®ZO

I'M).

Here (f,, 9, ®,) : K(M,2) > A(M, 2) is the Zn-contraction developed in Section 2 of
the present paper, €:Z,—Z is the augmentation, and n, is the composite.

{®1

KM,2)® Zs=Zs—— (24 ® Zo)s—> Z, R Z, K(M,2),®Z,

wi-zre A is the coproduct on Z, and v is the projection onto the direct summand.

Remarks. (1) Strictly speaking %,, and u,,(¢) are classes in Ext3, (M, '(M)).

In the statement of this theorem we are using those terms to denote the following
cochains:

(A) up (&) as defined in 1.2.

B) Fy=p5z°(1Rdz)°{¥,;°(1®d,}*°§, where p,,{, are Z,-extensions of
maps, as defined in 1.6 and d; is the boundary homomorphism of Z, — this for-
muia for the first k-invariant of K(M,2)® Z, was derived in [9].

‘2} Consider the natural inclusion Z2M® Z,— A(&). This induces a homomor-
pism H(A(E); (M) — Ext},(M, I'(M)) and statement (1) implies that the image

* x under this map is precisely %y, + u,(&). This is different from the results in the
higher-dimensional case in [9] and shows that it is possible (in principal, at least)
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for the homological k-invariant of K(M,2).® Z« to be cancelled by the first k.
invariant of the topological space X. The term py (&) will be called the
multiplicative component of the obstruction to killing the 4-dimensional homology
of X.

Proof. Consider the contraction
(Ppof,®1,8,°09® 1,20 1+g,°Pof,®1): K(M,2) X K(n, D-UM)®2Z,

where K(m, 1)»=Z,. The maps in this contraction don’t preserve the action of ,
except for f,, g;, and @. If we take Z, extensions of all maps (see 1.6) we get maps
that preserve the action of m but are no longer chain maps, unless the boundary
maps of Z, vanish in all dimensions. Thus we get a Zz-contraction

(Pz°f2 82002, B+9,° P2012) ®1: K(M,2)®(Z+,0)~ UM) ® (Z,,0),

where (Z4, 0) denotes a chain-complex whose chain-modules are the same as Z, but
whose boundary homomorphisms are zero and 0, ® 1 denotes §; where v=p, ¢, or
w.

Now we apply the Perturbation Lemma to this with the purturbation 7=
1®dz +n, where 7 is the twisted portion of the boundary of the twisted tensor pro-
duct K(M, 2) ®¢ Z (which we have written as fiber x base rather than base x fiber) ~
this is equal to the composite (M® 1) (1R E® 1)o(1®c), with m: K(M,2).X
K(M, 2)x— K(M, 2)y the multiplication and c: Z,—Z+&® Z, is the coproduct.

The result is a contraction

(/,80): KM, 2)R;: Zs—>(UM)RZ,,d")
with

W @=pe (@D (145 T) e @@Dedn

J

T={d®1+(g, @1 ¥ (LON} o {1Qd;+n},
(2) g= (1 + i Tj) °(g,®1)° 4z,

7=1

3) 9=<1+ ) Tj)°(95®1+(92®1)° 0 (,®1)).

i=1
We will be mainly concerned with d’. Making use of the fact that U(M) is concen-
trated in even degrees, and the fact that £ vanishes below dimension 3 (so # lowers
the dimension of the Z, factor by at least 3) we find (from a tedious but straightfor-
ward computation) that d’'=1& d, except in the following cases:

1.9.(1) Pz (2®°n;0(02@1)°42: UMK Z,—»UM),QZ,_3, i=3,
@) Pze(®Deomo(g:@1)°Gz: UM),RZ;~UM)Q Z,
) Iy:UM),®Z;~>UM)Q 2,
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4) Bro(f,®@1)ons0(g,@1)0G,: UM)y® Zs—>UM), & Z,,
(5) Pzo{l®dy) e ¥o(1®dz)° ¥ 3o (l,®1)on30(8,®1)°4,

UMy @ Zs—UM), X Zy,
where
(A) Terms (2) and (3) are to be added together;

B} “y=Pz°(1®dz)° {¥z°(1Qdz)}*qz (see [9]);

% n is the term in # that lowers the dimension of the Z, factor by 3 (i.e., in
the formula for # only the term in the coproduct of Z, that lowers the right factor
by 2 is used);

(D) 75 is the term in # that lowers the dimension of the Z, factor by 5 (defined
like ?73)-

Since U(M),=Z, term 1 implies the existence of a copy of 4(¥) (not necessarily
a subcomplex) in (UM)® Z«,d’), where ¥=p 0 (f,®@1)on;0(g,®1)0G,. Since
g and g, are the identity map in dimension 0 and since py°(f,®1) sends
(MI®IQN®Z in KM,2)QZs to y(mZ in UM), R Z, it follows that ¥
can be identified with the original cocycle &, so (UM) & Z4,d’) contains a copy of
Ay,

= order to compute the S-dimensional homological k-invariant of D,=
(UIVY® Zx,d’) (i.e., the second nontrivial k-invariant — see Remark (3) following
1.3) we map Dy to 4(£) via the map that is the identity on 4(¢) and the zero map
on UM),&Q Z,. The algebraic mapping cone, 7/, of this map clearly has vanishing
homology below dimension 5. It contains a subcomplex ZU(M),® Z, whose inclu-
sion induces an isomorphism in homology (at least in dimension =<5). It follows
that the cocycle lg ., eH (/s Hs(s/)) has the property that its restriction to
2UM),® Z is precisely 2(1 ® ¢) where ¢ is the augmentation of Z,. In order for
this map to be a cocycle though, its composite with the boundary from the next
higher dimension must be 0. This boundary is

ZdA 174 -1
0 dy 0 | :{ZUQBUMURZIDA)}s
0 0 d,

~{ZAQ)DUM) & Z4) D A}

where d, is the boundary of A(¢), d, that of UM),&® Z« and y represents the
maps defined in terms (2 + 3), (4), (5) in 1.9 above. It is not difficult to see that we
can define a cocycle on & if we define it to vanish on 2A4(£) and to equal y on A(&).
It follows that the homological k-invariant in question is the cocycle on 4(¢) equal
to (1®&)owy.

The proof of the theorem is almost complete: it only remains to be shown that
term (2) in 1.9 is equal to u,,(£), after being composed with 1 ®the equation of Z.

=.rst of all, note that in dimension 2 the map p preserves the action of =, i.e.,
if =Y A,x,, where the A, are integers and the x, are preferred Z-basis elements
of M, then p maps [m] to ¥ A,y,(x;) € UM), (see 6.1 in [3], where p corresponds



196 J.R. Smith

to fin that theorem). Since p also preserves products it follows that it preserves the
action of m# on the submodule # of A(M,2), generated by products of
2-dimensional elements. Thus, pz|, =p| ,.

Now suppose we apply term (2) in 1.9:

Pzo(h®1)on0(g;,®1)°q,

to an element u ® z, where u € U(M), and z is a preferred basis element of Z, (i.e.,
one used in the construction of Z,-extensions of maps — see 1.6). Then §,(u® z)=
g(u)®z and g,®1 gives us g,°q(w)®z. In dimension 2 g, is essentially the
identity map, i.e., it sends [m] to [m]®1&®1e€K(M,2),. The term 7, gives
(g2 ° q(u)) ° £(z) ® @ where a is an element of 7 (this is due to the nature of the
coproduct on the bar resolution Z,).

Now f, preserves products in dimension 4 since it is an inverse to g,, g, preserves
products and since all of K(M, 2), is in the image of g,. It follows that the applica-
tion of f, gives

qu)°2(2Z2)Q®aeAM,2),® Z,

(we have cancelled g,). Now, because of the remark above about p preserving the
action of = on products we get

uo(pefol2)®aeUM)RZ,.

But, as was remarked earlier in the proof of this theorem, p°f, in dimension 2
can be regarded as the identity map since, if m=Y A;x,M, it sends [m]Q@ 1R 1e
K(M,2), to ¥ A,yi(x,)e UM),. So we can identify pof,o & with £ (by abuse of
notation). After composing all this with 1&®the augmentation of Z, we get y,(¢)
(since a gets mapped to 1). O

Corollary 1.10. If X is a topological space with the following properties:
(1) mX)=m,
2) Hy(X;Zn) =1,
(3) Hy(X; Zn)=M, a Z-free Zn-module,
(4) Hy(X; Zn)=Hy(X; Zn)=0.
Then the first k-invariant of X, (e H 3(n, M) has the property that

Up(&)=—9,eExts (M, I(M)). O

Remarks. (1) This follows from the fact that the first two steps in constructing a
Postnikov tower for X are the same as those required to construct an equivariant
Moore space of type (M, 2; n).

(2) It would seem that there is an indeterminacy in the definitions of ¢ and %y
that should be taken into account. This indeterminacy is only apparent — in 2
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manner of speaking %, is defined in terms of ¢. Pick a projective resolution Z of
7 and a representative ¢ of the first k-invariant — this is a cocycle
é : Z3 - M.

If we take the Z-tensor product with M we get a representative of u,,(&):

1
M®Z, B¢ MM— T (M)
Th.- s=tting can also be used to define %,,, however:
G 1®d
M®Z—— AM,2),® Z, 2 AM,2),® Z,
v, l®d, v,
AM,2); R Z, AWM, 2); ® Z, AM,2),® Z,
1®d P 1®e
S AM,2),® Zy——— (M) ® Z, ).

An automorphism of M or a change in Z, by a chain homotopy equivalence will
produce compensating changes in ¥%,,, if it is computed as indicated above.

3 Since the image of u,,(£) under the homomorphism induced by a change of
coe” ilients

b:Ext3, (M, [(M))—~Ext3, (M, M/2M)

is zero it follows that the only modules M that can occur in the setting of 1.10 are
those modules for which b(%,)=0. Since that isn’t true for the module described
in Remark (2) following 1.1 we get:

Corollary 1.11. There doesn’t exist a topological space X with the following
properties.

(1) n (X)) =the group (Z/2Z)YD(Z/2Z) with generators s and t,

2 Hy(X; Zn) =12,

(O Hy(X; Zn)=the module with underlying abelian group Z* and with s acting
via ~.ght multiplication by

-1 0 0
-1 0 -1
I -1 0

and t acting via multiplication by

0 1 1
1 0 -1},
0 0 -1

L HW X Zr)=H(X;Zn)=0. O

It isn’t difficult to see that, if M is the module Z with frivial m-action then
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4y =0. Coupled with the fact that ,uM(é):H3(7z; Z)ﬁExt%[n](Z,Z)=H3(n; Z) is
just multiplication by 2, we get

Corollary 1.12. If X is a topological space with
(1) n,(X)=mn, a group with the property that H>(n,Z)+0 and
(2) Hy(X; Zn)=12,
(3) Hy(X;Zm) =1,
(4) Hy(X; Zn)=Hy(X; Zn)=0,
then the first k-invariant of X is 0. O

Since the first k-invariant of a space is the same as the first homological -
invariant of its chain complex, this statement is equivalent to:

Corollary 1.13. If  is a group such that H*(n,Z)+#0 and has no 2-torsion elements
and Cy is a projective Zn-chain complex with the following properties:

(1) Hy(Cy)=Hy,(Cx) =1,

(2) H((Cy)=H3(Cy)=Hy(Cy) =0,

(3) the first homological k-invariant of Cy is non-zero,
then Cy is not chain-homotopy equivalent to the chain complex of any topological
space. [

2. The bar and W.-constructions

In this section we will develop an equivariant contraction from the W-
construction developed by Eilenberg and MacLane in [2] and their bar construction.
We will make extensive use of the Eilenberg-Zilber theorem as presented in [3]:

Theorem 2.1. Let V and V be FD-complexes and let f: UxV->UQV; §: URQV~
UXYV be defined by

fiu,xv,)=Y F'""'u®Fyv,
=1

g:(u;®v)= (uE> (-=1)P%")D, - D,u, XD, - D, v.

Then the triple (f, 8, F) induces a contraction of (UXV)y onto Uy@® Vy, where &
is defined by

& =0 in dimension 0,
én="(gﬁn—l)l""(gofﬂ)lol)o- u

Remarks. (1) We have quoted the theorem here because we will be using the explicit
formulas above for £, g, and &.
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(2) See [2, §6] for a definition of the derived operators.
(3) The proof that $2=0 is due to Weishu Shih in [8].
(4) The symbols Fj, F"~' denote the ‘first’ and ‘last’ face operators given by

FOI=F0'"FI’ Fn_lz 1+1"'Fn'

(5) The symbol ¥ = denotes the sum over all ‘shuffels’ of length (i j), and
p(z. v) denotes the parity of a shuffel — see Section 5 of [2].

‘2 The subscript N denotes the normalized chain complex — the quotient by the
sub.omplex generated by the degenerate elements.

Throughout the remainder of this section R will denote a fixed R-complex. Recall
that the W-construction of R is defined to have chain rings

WalR)=R,_ 1QR, & - @Ry

and it has the important property that its twisted cartesian product R x, W(R) is
contractible, where a: W(R),—R,,_, is the twisting function given by

a(rn~l®"'®r0)= ,1_18,,_2(1‘,,_2)"'80(70)

where g, =¢5° (Fp)'. Note that we are using the notation of Moore in exposés 12
and 18 of [1] for the W-construction and twisted cartesian products. Although this
notation is not standard today, it has certain advantages in discussion to follow.

Definition 2.2. t: R, x W(R,)—>R,_; Xx W(R),. | is defined by
tr, X w)=Fy(r)- (a(w)—1,_1) X Fo(w))
or (using the definition of @ and of F, on W(R)),
HrXr_ @ @ro)=Fo(r))- (r_ 1= 1,_ ) Xr,_,®--®rg
ife:r)=1forall j. [

The Eilenberg-Zilber theorem gives rise to a contraction (f, §, @) : (R x, W(R))y—
Ry &, Wn(R) and the Perturbation Lemma immediately implies that:

Proposition 2.3. Let K be the complex Ry & Wy (R) equipped with the differential
defined by dg + foto 7,08, where dg is the usual differential and 7,=
1+ % (D). Then (Ry, Wx(R), K) is an acyclic constuction in the sense of exposé
4 of [1] with contracting chain-homotopy

8=(axFy)™'° 7,08 : Ry@Wn(R) > Wy(R)=1® Wy (R).
Reizurks. (1) The proof of this result is similar to that of the twisted Eilenberg-

Zilber theorem of [8] and [4] except that, in accordance with [1], we have written
the product as fiber X base rather than base x fiber.
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(2) The map (axFy) ' :(RX W(R))N—Wy(R) carries r,Xr,_ | ® - ®r, to
ra®r,_ & ®r.

Proof. We begin by defining an element r x w of R X W(R) to be of filtration degree
<n if wis a degeneration of an element of dimension <n. It is clear that t lowers
filtration degree by at least 1 and digx wx ) and @ do not raise it. The Purtur.
bation Lemma then gives rise to a contraction (f, §, #): K > (R Xq W(R))n = Wy(R)
where:

0y f=fo(l+to 7,0 ®),
(2) g
3) =7,00.

=7%°8,

Since (see exposé 13 of [1]) (@ x Fy) ! is the chain contraction of Wy (R), it follows
that fo(axFy)~'og is a chain contraction of K. But f(I1xw)=1®w since
&(1 X w) is degenerate and .7, and t maps norms to norms. This completes the
proof. [J]

We will use this result to connect the W-construction with the bar construction.
Our notation for the bar construction will coincide with that of [1]. Recall that the
unreduced bar construction .#(R) =R ® .Z(R) is contractible via the chain contrac-
tion s:R® 2(R)—1® %4(R) that maps r®[v|---|vg] to 1®[r|v;---|v,). Note
that the inverse s™': 1 ® Z(R)— R ® Z(R) is well defined. By abuse of notation we
will often want to regard it as a map s~ ': 4(R)>R® 4(R).

In [2] Eilenberg and MacLane defined a homomorphism of DGA-algebras
g: Z(Ry)— Wn(R) via

g=(axFy)'ego(1®g)os™

(see Lemma 19.2 in [2]) — note that this definition is inductive. It is completed by
defining g(r) to be r&@ 1---® 1 (the number of 1’s equals the dimension of r). Our
main result is:

Theorem 2.4. There exists a chain map §: Wy(R)— 2n(Ry) and a chain-homotopy
w: Wy(R)— Wn(R) such that (f, g, w) : Wn(R)— .2 n(Ry) is a contraction. The maps
are defined inductively by

M) r®1®---@)=[r] forreR,

) f=so(1®f)ofoto. 7oy, where 1: Wy(R)—(R X W(R))y maps we Wx(R) to
1XxXw,

(3) w=0 in dimension 0 and, in higher dimensions y(w)=—§° (w+ w(dw)).

Remarks. (1) Recall that § is defined in 2.3.

(2) Note that, in general, the map f doesn’t preserve products. In [2] Eilenberg
and Maclane proved that g preserves products.
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(3) Note that if R has a group action on it, then the maps f, g, ¥ preserve that
action. This implies that the bar and W-construction are equivariantly chain-
homotopy equivalent. It also implies that the FEilenberg-MacLane model of
Eilenberg-MacLane spaces (defined in [2] semi-simplically) is equivariantly
homotopy equivalent to the model due to Milgram in {7].

Proof. The proof is divided into several parts:
. ; T is a chain-map and y, as defined inductively above, is a chain-homotopy
froz gof to 1. First, suppose that the inductive definition of y was

w(w)=8°1(g°f(w)—w—w(dw)).

Then the statement would follow immediately from 2.3 in the present paper and the
proof of theorem 1 in exposé 2 of {1]. We must show that go;0g=0. But

g()IOQ
—laxFy) 'o 7 cgoio(axFy) 'ogo(1®g)os™

= axF)'o T 0@xFp) oo +(axFy) o <1 + Y (q‘st)'> o(ax Fy) log-

1=1
=(axFy) lo(@xFy) tog--+(axFy)'o {1+ y (t(ﬁ)'} o(@xFy)tog-..
r=1
=0+(@xF)'odo {1+ y (ttﬁ)‘} 0go...
=1

(because ((@xF,)"')* is degenerate and because to(ax Fp)l(axb)=axb—1xb
and @ maps all elements of the form 1 X b into degenerates), =0 (because @ © §=0).

(2yiog=1: Z(R)— 4(R). This follows by induction on the simplical dimension
of ciements of Z(R) and direct computation. Clearly, it is true for elements of
sirm ~iical dimension 1. In general

fog=so(l®f)ofotos,o10(@xFy) 'ogo(1®g)os '

=so(1@feofo §1+ ) (td”&)'} oto(axFp) ' ogo(1@g)os™!

(=1
=so(1®f)ofo {1 ) (té)'} °go(1®g)°s™!

(because to (@ax Fp) '(axb)=axb~1xb and &(1 xb) is degenerate and (1®F)°
S xby=1®f(b), which is mapped to 0 by s)
=so(1®fofogo(1®@g)os™  (because $og=0)
=so(1®No(1®g)os™'  (because fog=1)

=sos =1 (by the inductive hypothesis).



202 J.R. Smith

(3) wog=0. This follows by induction on the dimension. It is clearly true iy
dimension 0 because y =0. In higher dimensions

w(g(w)) = —8 o 1(g(w) + y(dg(w)))
= —g§ o i(g(w) + w(g(dw))) (because g is a chain-map)
=-—go(g(w)) (by the inductive hypothesi<)
=0 (because 8o70g=0 by part (1) of the proof of this theorem).
(4) fog=s5o(1 ®f). This follows by direct computation:
fog=s0(1®f°f®to T, 010(axF) 0T, 08

=so(1®f)ofo <1+ i (ttﬁ)’) oto(axFy) loF, o8
1=1

=so(l1®f)ofo <1 + i (tcﬁ)") °©J.°8  (see the proof of (2))

i=1
=so(1®f)o fo (l + li (tcﬁ)'+(<13t)i) of

(because #%=0, so all cross-terms in the composite vanish)
=so(1®f)ofog  (because #og=0 and fo H=0)
=so(1®f)  (because fog=1).

(5) fow=0. This follows from statement (4) above.
fow(w)y=fogou(+)
=so(1®f)ou(x)=0

because s(1 @ *) is degenerate. []

Lemma 2.7. There exists a contraction (f,, 6, W) : B(Wn(R))— B2(Ry) where:

(1) 8= #£(g),

@ h=d0e(1+ § @),
3) Wy= <1 + i (z/‘/ds)') o .

d, is the simplical component of the boundary operator in Z(Wx(R)) and  is
defined inductively by:

(A) wl1=0,

B) wla|ul=—[w(@]|u] +(-1)"™[gof(@) | w@)].
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Proof. First, note that
(B () 4(g), w): Z(Wn(R)~ B*(Ry)

would be a contraction if the boundary operators in Z(Wy(R)) and .Z%(Ry) con-
sisted only of their residual components (see the proof of Theorem 12.1 in [2]).

Unfortunately, the map f doesn’t generally preserve products so that Z(f) is
us.cally not a chain-map with the full boundary operator in the bar construction.
W= will remedy this situation by using the Perturbation Lemma with ¢ set equal to
d, — the simplical component of the boundary of #(Wx(R)). We filter the elements
of #(Wx(R)) by their simplical dimension.

We get

7= 2o (1+ £ @),
g'=(1+ L way )e 7o)

y'= (1 + El (t/7ds)’> o .

Sir.zz the map g was proved in [2] to preserve products, it follows that .#(g) com-
mutes with d; so that the formula for g’ becomes .Z(g) since it is not hard to see
that ¥ © #(g) =0. The only thing wrong with this procedure is that the Purturbation
lemma induces a second boundary operator on %2(R) and this might not agree
with its true boundary. The second boundary is given by

d'=d.+ 7(Dodee (1+ T d))e i@

where d, is the residual boundary (see [2]). By the same argument as was used for

g
#od(1+ £ @) )o 3@ = Fed,e A

Z(T)O ‘?(Q)Ods:ds

so that d’=d, =d, which is the true boundary operator in 3*(Ry). O
An inductive application of 2.6 and 2.7 gives:

Corollary 2.8. For any R-complex, R, and any positive integer k, there exists a
cosrraction

(s 81> i) : WR(R)— BX(RY). U
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